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Abstract
We obtain a slowly rotating Einstein-bumblebee black hole solution by solving the corresponding
rr and tφ components of the gravitational field equations in both cases: A, bµ = (0, b(r), 0, 0); B,
bµ = (0, b(r), b(θ), 0). Then we check the other gravitational field equations and the bumblebee field
motion equations by using this solution. We find that in the case A, there exists this solution indeed
for arbitrary LV coupling constant ℓ; however as in the case B, there exists this slowly rotating
solution if and only if the coupling constant ℓ is as small as or smaller than the angular momentum
a. It is similar as that in Einstein-aether theory where there exists only some slowly rotating black
hole solutions. In order to study the effects of this breaking, we consider the black hole greybody
factor and find that when angular index l = 0, the LV constant ℓ decreases the effective potential
and enhances the absorption probability, which is similar to that of the non-minimal derivative
coupling theory.
PACS numbers: 04.50.Kd, 04.20.Jb, 04.70.Dy
I. INTRODUCTION
Lorentz invariance(LI) is a pillar of general relativity (GR) and the standard model(SM) of particle physics
which are both successful field theories describing universe. It is therefore no surprise that most theories
of gravity encompass this symmetry and little attention has been paid in understand the implications of
the breaking of LI. However, LI should not be an exact symmetry at all energies [1], particularly when one
considering quantum gravity effect, it should not be applicable. Though both GR and SM based on LI and
the background of spacetime, they handle their entities in profoundly different manners. GR is a classical
field theory in curved spacetime that neglects all quantum properties of particles; SM is a quantum field
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2theory in flat spacetime that neglects all gravitational effects of particles. For collisions of particles of 1030 eV
energy (energy higher than Planck scale), the gravitational interactions predicted by GR are very strong and
gravity should not be negligible[2]. So in this very high energy scale, one have to consider merging SM with
GR in a single unified theory, known as “quantum gravity”. Thus, the study of Lorentz violation (LV) is a
valuable tool to probe the foundations of modern physics. These studies include LV in the neutrino sector [3],
the standard-model extension (SME) [4], LV in the non-gravity sector [5], and LV effect on the formation of
atmospheric showers [6].
Experimental confirmation of this idea of quantum gravity is challenging because direct experiments at
the Plank scale are impractical. However, suppressed effects emerging from the underlying unified quantum
gravity theory might be observable at our low energy scale. So that the search for reminiscent quantum
gravity effects at low energy regime has attracted attention over the last decades. The combination of GR
and SM provides a remarkably successful description of nature. The SME is an effective field theory which
studies gravity and the SM at low energy scales. It describing the SM coupled to GR, allowing for dynamical
curvature modes, and includes additional terms containing information about the LV occurring at the Plank
scale [7]. The LV terms in the SME take the form of Lorentz-violating operators coupled to coefficients with
Lorentz indices. The presence of LV in a local Lorentz frame is signaled by a nonzero vacuum value for one
or more quantities carrying local Lorentz indices. An explicit theory is the “bumblebee” model, where the LV
arises from the dynamics of a single vector or axial-vector field Bµ, known as the bumblebee field. This model
is a simple effective theory of gravity with LV in the SME and a subset of Einstein-aether theory[8–10]. It is
ruled by a potential exhibiting a minimum rolls to its vacuum expectation value implying that the vacuum of
the theory gets a preferential direction in the spacetime. Bumblebee gravity was first used by Kostelecky and
Samuel in 1989 [11, 12] as a simple model for spontaneous Lorentz violating.
Deriving black hole solutions are very important works in any theory of gravity, because they provide a large
deal of information about the quantum gravity realm. In 2018, R. Casana et al found an exact Schwarzschild-
like solution in this bumblebee gravity model and investigated its some classical tests [13]. Then Rong-Jia Yang
el al study the accretion onto this black hole [14] and find the LV parameter ℓ will slow down the mass accretion
rate. The rotating black hole solutions are the most relevant subcases for astrophysics. These solutions may be
also provide exterior metric for rotating stars. In 2020, C. Ding et al found an exact Kerr-like solution through
solving Einstein-bumblebee gravitational field equations and studied its black hole shadow[15]. However, this
solution doesn’t seem to meet the bumblebee field motion equation. So in the present paper, we try to seek
3a slowly rotating black hole solution in both cases: bµ = (0, b(r), 0, 0) and bµ = (0, b(r), b(θ), 0).
We then study black hole greybody factor and obtain some deviations from GR and some LV gravity
theories. The rest of the paper is organized as follows. In Sec. II we provide the background for the Einstein-
bumblebee theory studied in this paper. In Sec. III, we derive the slowly rotating black hole solution by
solving the gravitational field equations. In Sec. IV, we study its black hole greybody factor and find some
effects of the Lorentz breaking constant ℓ. Sec. V is devoted to a summary.
II. EINSTEIN-BUMBLEBEE THEORY
In the bumblebee gravity theory, the bumblebee vector field Bµ acquires a nonzero vacuum expectation
value, under a suitable potential, inducing a spontaneous Lorentz symmetry breaking in the gravitational
sector. It is described by the action[16],
S =
∫
d4x
√−g
[ 1
16πGN
(R− 2Λ + ̺BµBνRµν + σBµBµR)− τ1
4
BµνBµν +
τ2
2
DµBνD
µBν
+
τ3
2
DµB
µDνB
ν − V (BµBµ ∓ b2) + LM
]
, (2.1)
in which b2 is a real positive constant. Lorentz and/or CPT (charge, parity and time) violation is triggered
by the potential V (BµB
µ ∓ b2). It provides a nonvanishing vacuum expectation value (VEV) for bumblebee
field Bµ implying that the vacuum of this theory gets a preferential direction in the spacetime. This potential
is supposed to have a minimum at BµBµ ± b2 = 0 and V ′(bµbµ) = 0 to ensure the breaking of the U(1)
symmetry, where the field Bµ acquires a nonzero VEV, 〈Bµ〉 = bµ. The vector bµ is a function of the
spacetime coordinates and has constant magnitude bµb
µ = ∓b2, where ± signs mean that bµ is timelike or
spacelike, respectively. The bumblebee field strength is defined by
Bµν = ∂µBν − ∂νBµ. (2.2)
The real constants ̺, σ, τ1, τ2, τ3 determine the form of the kinetic terms for the bumblebee field. The term
LM represents possible interactions with matter or external currents. It should be note that if ̺ = σ = 0 and
with linear Lagrange-multiplier potential
V = λ(BµB
µ ∓ b2), (2.3)
this bumblebee model becomes the special case of Einstein-aether theory[16]. In Einstein-aether theory [9, 10],
the Lorentz symmetry is broken by an introduced tensor field ua with the constraint uau
a = −1, termed aether,
which is timelike everywhere and everytime. Then there exists a preferred time direction at every point of
4spacetime, i.e., a preferred frame of reference. The introduction of the aether vector allows for some novel
effects, e.g., matter fields can travel faster than the speed of light, dubbed superluminal particle. In Ref. [9],
we obtained a series of charged Einstein-aether black hole solutions in 4 dimensional spacetime and studied
their Smarr formula; In Ref. [10], we obtained a series of neutral and charged black hole solutions in 3
dimensional spacetime.
In this study, the constant τ1 = 1, Λ = σ = τ2 = τ3 = 0 and no LM , i.e.,
S =
∫
d4x
√−g
[ 1
16πGN
(R+ ̺BµBνRµν )− 1
4
BµνBµν − V (BµBµ ∓ b2)
]
, (2.4)
where ̺ (with mass dimension −1) controls the non-minimal gravity interaction to bumblebee field Bµ (with
the mass dimension 1). The action (2.4) yields the gravitational field equation in vacuum
Rµν − 1
2
gµνR = κTBµν , (2.5)
where κ = 8πGN and the bumblebee energy momentum tensor T
B
µν is
TBµν = BµαB
α
ν −
1
4
gµνB
αβBαβ − gµνV + 2BµBνV ′
+
̺
κ
[1
2
gµνB
αBβRαβ −BµBαRαν −BνBαRαµ
+
1
2
∇α∇µ(BαBν) + 1
2
∇α∇ν(BαBµ)− 1
2
∇2(BµBν)− 1
2
gµν∇α∇β(BαBβ)
]
. (2.6)
The prime denotes differentiation with respect to the argument,
V ′ =
∂V (x)
∂x
∣∣∣
x=BµBµ±b2
. (2.7)
Using the trace of Eq. (2.5), we obtain the trace-reversed version
Rµν = κTBµν + 2κgµνV − κgµνBαBαV ′ +
̺
4
gµν∇2(BαBα) + ̺
2
gµν∇α∇β(BαBβ). (2.8)
The equation of motion for the bumblebee field is
∇µBµν = 2V ′Bν − ̺
κ
BµRµν . (2.9)
In the remainder of this manuscript, we assume that the bumblebee field is frozen at its VEV, i.e., it is
fixed to be
Bµ = bµ, (2.10)
then the particular form of the potential driving its dynamics is irrelevant. And consequently, we have
V = 0, V ′ = 0. Then the first both terms in Eq. (2.6) are like those of the electromagnetic field, the only
5difference are the coupling terms to Ricci tensor. Under this condition, Eq. (2.8) leads to gravitational field
equations
R¯µν = 0, (2.11)
with
R¯µν = Rµν − κbµαbαν +
κ
4
gµνb
αβbαβ + ̺bµb
αRαν + ̺bνbαRαµ − ̺
2
gµνb
αbβRαβ + B¯µν ,
B¯µν = −̺
2
[
∇α∇µ(bαbν) +∇α∇ν(bαbµ)−∇2(bµbν)
]
. (2.12)
In the next section, we derive the slowly rotating black hole solution by solving gravitational equations in this
Einstein-bumblebee model.
III. SLOWLY ROTATING SOLUTION IN EINSTEIN-BUMBLEBEE MODEL
In this section, we will give the slowly rotating black hole solution through solving Einstein-bumblebee
gravitational equations. Rotating black hole solutions are the most relevant subcases for astrophysics. These
solutions may be also provide exterior metric for rotating stars. However, the generation of such exact rotating
solution to Einstein’s field equations is very difficult due to the highly non-linear differential equations. For
example, Schwarzschild black hole solution was published in 1916 soon after GR was discovered [17]. However,
till 47 years later, in 1963, the rotating black hole solution was found by Kerr [18]. In Ref. [15], we have
found the exact Kerr-like solution in the case that bumblebee field bµ = (0, b(r, θ), 0, 0). However, when we
consider the case that bµ = (0, b(r), b(θ), 0), it is very difficult and seems impractical. So we here find the
slowly rotating black hole solution. The slowly rotating stationary axially symmetric black hole metric have
the general form
ds2 = −U(r)dt2 + 1 + ℓ
U(r)
dr2 + 2F (r)H(θ)adtdφ + r2dθ2 + r2 sin2 θdφ2 +O(a2), (3.1)
where a is a small constant denoting the rotating angular momentum, and O(a2) denotes a little quantity as
small as or smaller than the second order of a, which can be ignored here. We will use this metric ansatz to
set up gravitational field equations.
In this study, we focus on that the bumblebee field acquiring a radial vacuum energy expectation since the
spacetime curvature has a strong radial variation when compared with very slow temporal changes. So the
bumblebee field is spacelike(bµb
µ = positive constant) and assumed to be
Case A: bµ =
(
0, b(r), 0, 0
)
; Case B: bµ =
(
0, b(r), b(θ), 0
)
. (3.2)
6The case A is considered by Casana and Ding et al in Ref. [13, 15] for bumblebee field coupling to the
gravitational field, and the case B is considered by Chen et al in Ref. [19] for bumblebee field coupling to the
electromagnetic field. Then the bumblebee field strength is
bµν = ∂µbν − ∂νbµ, (3.3)
whose components are all zero for the case A and B. And their divergences are all zero, i.e.,
∇µbµν = 0. (3.4)
From the equation of motion (2.9), we have
bµRµν = 0. (3.5)
The gravitational field equations (2.11) become
Rµν + B¯µν = 0. (3.6)
The explicit form of bµ is
Case A: bµ =
(
0, b0
√
1 + ℓ
U(r)
, 0, 0
)
; Case B: bµ =
(
0, b0
√
1 + ℓ
U(r)
, ab0 cos θ, 0
)
, (3.7)
where b0 is a real constant. The amplitude of these bumblebee field is
bµb
µ = gµνbµbν = b
2
0, (3.8)
in the case A; for the case B, it is
bµb
µ = gµνbµbν = b
2
0 +O(a2), (3.9)
which are both consistent with the condition bµb
µ = positive constant.
For the metric (3.1), the nonzero components of Ricci tensor are Rtt,Rtφ,Rrr,Rrθ,Rθθ,Rφφ, shown in the
appendix. We consider the following both gravitational field equations (in both cases A and B)
Rrr + B¯rr = − 1
2rU
(rU ′′ + 2U ′) +O(a2) = 0, (3.10)
Rtφ + B¯tφ = −a
2
(
HUF ′′ + 2FH
U ′
r
+
F
r2
H ′′ − F cos θ
r2 sin θ
H ′
)
+O(a2) = 0, (3.11)
where the prime ′ is the derivative with respect to the corresponding argument, respectively. From the Eq.
(3.10), one can obtain the function U(r),
U = −C1
r
+ C2, (3.12)
7where C1, C2 are constants. By using the condition of asymptotically flat, one will chooses C2 = 1 and
C1 = 2M , where M is the mass of the black hole,
U = 1− 2M
r
. (3.13)
From the Eq. (3.11), one can obtain the function F (r) and H(θ),
F =
2M
r
, H = sin2 θ. (3.14)
Lastly, substituting these quantities into Eqs. (3.1) and (3.7), we can get the bumblebee field bµ =
(0, b0
√
(1 + ℓ)r/(r − 2M), 0, 0) for the case A, bµ = (0, b0
√
(1 + ℓ)r/(r − 2M), ab0 cos θ, 0) for the case B,
and the slowly rotating metric in the bumblebee gravity in both cases is
ds2 = −
(
1− 2M
r
)
dt2 − 4Ma sin
2 θ
r
dtdϕ +
(1 + ℓ)r
r − 2M dr
2 + r2dθ2 + r2 sin2 θdφ2. (3.15)
If ℓ→ 0, it recovers the usual slowly rotating Kerr metric. When a→ 0, it becomes
ds2 = −
(
1− 2M
r
)
dt2 +
1 + ℓ
1− 2M/rdr
2 + r2dθ2 + r2 sin2 θdϕ2, (3.16)
which is the same as that in Ref. [13]. The metric (3.15) represents a Lorentz-violating black hole solution
with the slowly rotating angular momentum a. It is easy to see that horizon locates at r+ = 2M .
Nextly, we consider the bumblebee motion equation and check for other gravitational equations. From the
bumblebee field motion equation (3.5), one can obtain the following both equations
brRrr + bθRθr = 0, brRrθ + bθRθθ = 0. (3.17)
From the appendix, we have Rrr = −(rU ′′ + 2U ′)/2rU + O(a2) = 0 + O(a2), Rrθ = 0 + O(a2) and Rθθ =
−(rU ′ + U)/(1 + ℓ) + 1 +O(a2) = ℓ/(1 + ℓ) +O(a2). Then one can see that the first equation is fulfilled for
both cases; the second one can be fulfilled in the case A (due to that bθ = 0). However, the second equation
in the case B is
bθRθθ = b0 cos θ
1 + ℓ
· aℓ
r2
+O(a2). (3.18)
If and only if the coupling constant ℓ is also smaller enough as angular momentum a, can the second motion
equation be fulfilled in the case B. As for the other gravitational equations, in the case A, they are,
Rtt + B¯tt = 0 +O(a2), (3.19)
Rrθ + B¯rθ = 0 +O(a2), (3.20)
Rθθ + B¯θθ = 0 +O(a2), (3.21)
Rφφ + B¯φφ = 0 +O(a2), (3.22)
8which are all fulfilled. However in the case B, there have similar limits onto these equations to be fulfilled,
Rtt + B¯tt = cos 2θ
2
√
1 + ℓ sin θ
· aℓ
√
U
r2
+O(a2), (3.23)
Rrθ + B¯rθ = cos θ√
1 + ℓ
· aℓ
r2
√
U
+O(a2), (3.24)
Rθθ + B¯θθ = 1√
1 + ℓ sin θ
· aℓ
r
√
U
(r sin2 θU ′ − cos 2θU) +O(a2), (3.25)
Rφφ + B¯φφ = sin θ
2
√
1 + ℓ
· aℓ
r
√
U
(r cos2 θU ′ + 2 cos 2θU) +O(a2). (3.26)
In conclusion, there exists a slowly rotating black hole solution in the case A for arbitrary coupling constant
ℓ; however for the case B, there exist a slowly rotating black hole solution if and only if the coupling constant
is smaller enough as the rotating angular momentum a. This is similar to Einstein-aether theory, where there
exist only a slowly rotating black hole solution[20].
IV. GREYBODY FACTOR
In this section, we study some observational signatures on the Lorentz-violating parameter ℓ by analyzing
black hole greybody factor (Hawking radiation) with the metric (3.15), and try to find some deviation from
GR and some similarities to other LV black holes. In Ref. [21], we obtained an analytical expressions for the
greybody factor and dynamic evolution for the scalar field in the Hor˘ava-Lifshitz black hole. In Ref. [22],
we studied the greybody factor of the slowly rotating Kerr-Newman black hole in a non-minimal derivative
coupling theory. In this model, the kinetic term of the scalar field ψ only coupled with the Einstein’s tensor,
Gµν∂µψ∂νψ. This couplings is confirmed to be breaking Lorentz symmetry[23].
The Klein-Gordon equation(the scalar field coupling to the bumblebee field is ignored here) is
1√−g∂µ
(√−ggµν∂νψ
)
= 0. (4.1)
Adopting to the spherical harmonics
ψ(t, r, θ, ϕ) = e−iωt eimϕRωlm(r)Tml (θ, aω) , (4.2)
we can obtain the radial part of the equation (4.1)
d
dr
[(
r2 − 2Mr) dRωlm
dr
]
+ (1 + ℓ)
[
r2ω(r2ω − 2am)
r2 − 2Mr − l(l+ 1) + 2amω
]
Rωlm = 0 . (4.3)
Before attempting to solve it analytically, we first analyze the profile of effective potential which characterizes
the emission process. Defining a new radial function
Rωlm(r) =
R˜ωlm(r)
r
, (4.4)
9and useing the tortoise coordinate x as following
d
dx
=
(
1− 2M
r
) d
dr
, (4.5)
Eq.(4.3) can be rewritten in the standard Schro¨dinger equation as
( d2
dx2
− Veff
)
R˜ωlm(x) = 0, (4.6)
where the effective potential is
Veff = (1 + ℓ)
(
− ω2 + 4M
r3
maω
)
+
(
1− 2M
r
)[4M
r3
+ (1 + ℓ)
l(l+ 1)
r2
]
. (4.7)
For graphical analysis, we display the dependence of effective potential on different parameters in Fig. 1. It is
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FIG. 1: Variety of the potential Veff with different coupling constant ℓ of a scalar field in the slowly rotating Einstein-
bumblebee black hole for fixed quantity ω = 0.3.
found that the gravitational barrier decreases gradually with the increase in the LV coupling constant ℓ when
l = 0 (left plot of Fig. 1), which is similar to that of Einstein-aether theory [24] and non-minimal coupling
theory[22]. However, the barrier increases with ℓ when l = 1 (right plot of Fig. 1). Increasing the effective
potential means reducing the emission of scalar fields, so the LV coupling constant ℓ will affect the black hole
greybody factor.
Now, we give an analytical solution to Eq. (4.3) and perform the following transformation of the radial
variable as in Refs. [21, 22]
r → f(r) = 1− 2M
r
=⇒ d
dr
=
1− f
r
d
df
, (4.8)
then the equation (4.3) near the horizon (r ∼ r+) can be rewritten as
f(1− f)d
2R(f)
df2
+ (1− f)dR(f)
df
+
[
K2∗
(1− f)f −
Λml
(1− f)
]
R(f) = 0, (4.9)
10
where 1
K∗ =
(
ωr+ − a∗m
)√
1 + ℓ, a∗ = a/r+, Λml =
√
1 + ℓ
[
l(l+ 1)− 2maω]. (4.10)
Making the field redefinition R(f) = fα(1 − f)βF (f), one can find that the equation (4.9) can be rewritten
as a form of the hypergeometric equation
f(1− f)d
2F (f)
df2
+ [c− (1 + a˜+ b˜)f ]dF (f)
df
− a˜b˜F (f) = 0, (4.11)
with
a˜ = α+ β, b˜ = α+ β, c = 1+ 2α. (4.12)
Considering the constraints coming from coefficient of F (f), one can easy to obtain that the power coefficients
α and β satisfy
α2 +K2∗ = 0, (4.13)
and
β2 − β + [K2∗ − Λml ] = 0, (4.14)
respectively. These two equations admit that the parameters α and β have the forms
α± = ±iK∗, (4.15)
β± =
1
2
[
1±
√
1− 4(K2∗ − Λml )
]
. (4.16)
The exact analytical solution of Eq. (4.11) is
R(f) = A−fα(1− f)βF (a˜, b˜, c; f) +A+f−α(1 − f)βF (a˜− c+ 1, b˜− c+ 1, 2− c; f), (4.17)
where A+, A− are arbitrary constants. Near the horizon, r → r+ and f → 0, the solution has the form
RNH(f) = A−fα∓ +A+fα± . (4.18)
Imposing the boundary condition that no outgoing mode exists near the horizon, we are forced to set either
A− = 0 or A+ = 0, depending on the choice for α±. Here we choose α = α− and A+ = 0. The sign of β will be
1 In order to solve the mathematical equation, we should let all coefficients in it dimensionless, so that we define these quantities.
11
decided by the criterion for the convergence of the hypergeometric function F (a˜, b˜, c; f), i.e. Re(c− a˜− b˜) > 0,
which demands that we choose β = β− [21, 22]. Thus the asymptotic solution near horizon has the form
RNH(f) = A−fα(1 − f)βF (a˜, b, c; f). (4.19)
Let us now to stretch smoothly the near horizon solution to the intermediate zone. We can make use of the
property of the hypergeometric function [25] and change its argument in the near horizon solution from f to
1− f
RNH(f) = A−fα(1− f)β
[
Γ(c)Γ(c− a˜− b˜)
Γ(c− a˜)Γ(c− b˜)F (a˜, b˜, a˜+ b˜− c+ 1; 1− f)
+ (1 − f)c−a˜−b˜Γ(c)Γ(a˜+ b˜− c)
Γ(a˜)Γ(b˜)
F (c− a˜, c− b˜, c− a˜− b˜ + 1; 1− f)
]
. (4.20)
As r ≫ r+, the function (1− f) is
1− f = 2M
r
, (4.21)
and then the near horizon solution (4.20) can be simplified further to
RNH(r) ≃ C1r−β + C2rβ−1, (4.22)
with
C1 = A−(2M)β
Γ(c)Γ(c− a˜− b˜)
Γ(c− a˜)Γ(c− b˜) , (4.23)
C2 = A−(2M)1−β
Γ(c)Γ(a˜+ b˜− c)
Γ(a˜)Γ(b˜)
. (4.24)
Nextly in order to obtain a solution in the far field region, we expand the wave equation (4.3) as a power
series in 1/r and keep only the leading terms
d2RFF (r)
dr2
+
2
r
dRFF (r)
dr
+ (1 + ℓ)
[
ω2 − l(l+ 1)
r2
]
RFF (r) = 0. (4.25)
This is the usual Bessel equation. Thus the solution of the radial master equation (4.3) in the far-field limit
can be expressed as
RFF (r) =
1√
r
[
B1Jν(
√
1 + ℓωr) +B2Yν(
√
1 + ℓωr)
]
, (4.26)
where Jν(ω r) and Yν(ω r) are the first and second kind Bessel functions, ν =
√
(1 + ℓ)l(1 + l) + 1/4. B1 and
B2 are integration constants. In order to stretch the far-field solution (4.26) towards small radial coordinate,
we take the limit r → 0 and obtain
RFF (r) ≃
B1(
√
1+ℓωr
2 )
ν
√
r Γ(ν + 1)
− B2Γ(ν)
π
√
r (
√
1+ℓωr
2 )
ν
. (4.27)
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In the low-energy and low-angular momentum limit (ωr+)
2 ≪ 1 and (a/r+)2 ≪ 1, the two power coefficients
in Eq.(4.22) can be approximated as
−β ≃ −1
2
+ ν +O(ω2, a2, aω), (4.28)
(β − 1) ≃ −1
2
− ν +O(ω2, a2, aω). (4.29)
By using the above results, one can easily show that both Eqs. (4.22) and (4.27) reduce to power-law
expressions with the same power coefficients, r−1/2+ν and r−1/2−ν . By matching the corresponding coefficients
between Eqs. (4.22) and (4.27), we can obtain two relations between C1, C2 and B1, B2. Removing A−, we
can obtain the ratio between the coefficients B1, B2
B ≡ B1
B2
= − 1
π
[
1√
1 + ℓωM
]2ν
νΓ2(ν)
× Γ(c− a˜− b˜)Γ(a˜)Γ(b˜)
Γ(a˜+ b˜− c)Γ(c− a˜)Γ(c− b˜) . (4.30)
In the asymptotic region r →∞, the solution in the far-field can be expressed as
RFF (r) ≃ B1 + iB2√
2π
√
1 + ℓ ωr
e−i
√
1+ℓ ωr +
B1 − iB2√
2π
√
1 + ℓ ωr
ei
√
1+ℓ ωr (4.31)
= A
(∞)
in
e−i
√
1+ℓ ωr
r
+A
(∞)
out
ei
√
1+ℓ ωr
r
. (4.32)
The absorption probability can be calculated by
|Alm|2 = 1−
∣∣∣∣A
(∞)
out
A
(∞)
in
∣∣∣∣
2
= 1−
∣∣∣∣B − iB + i
∣∣∣∣
2
=
2i(B∗ −B)
BB∗ + i(B∗ −B) + 1 . (4.33)
Inserting the expression of B (4.30) into Eq.(4.33), we can probe the properties of absorption probability for
the bumblebee field coupled with Ricci tensor in the slowly rotating black hole spacetime in the low-energy
limit.
In Fig. 2, we fix the angular momentum a = 0.1, and plot the change of the absorption probability of a
scalar particle for the first(l = 0) and second(l = 1) partial waves in the slowly rotating Einstein-bumblebee
black hole spacetime. One can easily see that the absorption probability Al=0 increases with the LV coupling
constant ℓ, which is similar to that of non-minimal coupling theory[22]. However, Al=1 decreases with the LV
coupling constant ℓ.
In the case of l ≥ 1, there has superradiation region when m = 1, 2, · · · , l, which is similar to [22]. It is
shown in Fig. 3, in which we plotted the dependence of the absorption probability on the angular index l and
m with different ℓ and a. From the above two figures in Fig. 3, for the super-radiation, the angular momentum
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FIG. 2: Variety of the absorption probability |Alm|
2 of a scalar field in the slowly rotating Einstein-bumblebee black
hole for fixed angular momentum a = 0.1 and m = 0.
a enhance the usual radiation (m = −1) and the super-radiation (m = 1) for weak coupling. Moreover, we
see the suppression of |Aℓm|2 as the values of the angular index increase. This means that the first partial
wave dominates over all others in the absorption probability. It is similar to that of the scalar field without
coupling.
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FIG. 3: The dependence of the absorption probability |Alm|
2 of a scalar field on the angular momentum a in the slowly
rotating Einstein-bumblebee black hole for fixed ℓ = 0.1,−0.1; l = 1 and m = 1, 0,−1.
V. SUMMARY
In this paper, we have studied the slowly rotating, asymptotically flat black hole solutions of Einstein-
bumblebee theory in the both cases of the bumblebee field bµ = (0, b(r), 0, 0) and bµ = (0, b(r), b(θ), 0). In
this model, a vector field, termed bumblebee, couples to the spacetime curvature and acquires a vacuum
expectation value, which induces Lorentz symmetry spontaneously broken. In the case of radial Lorentz
symmetry breaking, we have achieved an exact slowly rotating black hole solution to the rr and tφ components
of gravitational field equations. When angular momentum a → 0, it can recover Schwarzschild like solution
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[13]; when LV constant ℓ → 0, it can recover the slowly rotating Kerr black hole solution. We then give the
positions of horizon.
With this solution, we then check the other gravitational equations and the bumblebee motion equations.
In the case of the bumblebee field bµ = (0, b(r), 0, 0), all these equations can be fulfilled for arbitrary coupling
constant ℓ. In the cases of the bumblebee field bµ = (0, b(r), b(θ), 0), all these equations can be fulfilled if and
only if the coupling constant ℓ is as small as or smaller than the slowly rotating angular momentum a. If the
LV coupling constant ℓ isn’t small, the slowly rotating solution can’t exist! It is similar to the Einstein-aether
theory, where there can only exist a slowly rotating black hole solution.
With this given black hole solution, we can find some LV effects by astronomical observations. In order to
obtain these effects of LV constant ℓ, we study the black hole greybody factor. It shows that the deviation
from GR (slowly rotating Kerr black hole): when angular index l = 0, the effective potential Veff decreases
with the LV coupling constant ℓ. These decreases are similar to those of the Einstein-aether black hole [24] and
non-minimal derivative coupling theory[22], which are also LV black hole. And the effect of the LV parameter
on the greybody factor is that it enhances the absorption probability, which is similar to those of non-minimal
derivative coupling theory[22]. These difference could be detected by the new generation of gravitational
antennas.
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Appendix A: Some quantities
In this appendix, we showed the nonezero components of Ricci tensor for the metric (3.1). They are as
following
Rtt = U
1 + ℓ
[
U ′′
2
+
r sin2 θUU ′
Σ
]
+
a2
2Σ
[
F 2U
r2
H ′2 +
H2U2
1 + ℓ
U ′2 +
F 2H2U
(1 + ℓ)r
U ′ − FH
2U
1 + ℓ
F ′U ′
]
, (A1)
Rtφ = −a
2
[
HUF ′′
1 + ℓ
+
FH ′′
r2
+
rFHU sin2 θ
(1 + ℓ)Σ
U ′ − FU cos θ sin θ
Σ
H ′
]
− a
3F 2H3
2Σ(1 + ℓ)
(
1
2
F ′U ′ +
U
r
F ′
)
,(A2)
Rrr = −r
2 sin2 θ
Σ
(
U ′′
2
+
r sin2 θ
Σ
UU ′
)
− a
2F 2H2
Σ
F ′′ +
a2H2
Σ2
[
− 1
2
Σ¯F ′2 − F
2r2 sin θ
4U
U ′2
+
F Σ¯
2U
F ′U ′ + 2rU sin2 θFF ′ − F
2(5r2U sin2 θ + a2F 2H2)
2rU
U ′ − F 2U sin2 θ
]
, (A3)
Rrθ = a
2FH
Σ2
[
− 1
2
(a2F 2H2 + 3r2U sin2 θ)F ′H ′ +
1
2
Fr2 sin θU ′H ′
+
F
r
(a2F 2H2 + 2r2U sin2 θ)H ′ +
1
2
HUr2 sin 2θF ′ − FHr sin θ cos θ(1
2
rU ′ + U)
]
, (A4)
Rθθ = − r
1 + ℓ
(
U ′ +
r3U3 sin4 θ
Σ2
)
+
r4U2 sin4 θ
Σ2
− a
2FH
Σ
[
FH ′′ − rFHU
′
2(1 + ℓ)
+
HrU
1 + ℓ
F ′
]
−a
2F 2
Σ2
[1
2
Σ¯H ′2 −HrU sin 2θH ′ + r2H2U cos 2θ + r
2 sin2 θ
1 + ℓ
H2U2
]
, (A5)
Rφφ = −r
2U sin4 θ
Σ
(
rU ′ + U
1 + ℓ
− 1
)
+
a2
Σ
[
− 1
2
F 2 sin2 θH ′2 +
1
2
F 2H sin 2θH ′
+
H2 sin2 θ
1 + ℓ
(− 1
2
Ur2F ′2 +
1
2
F 2rU ′ + FUrF ′ − 2F 2U)− F 2H2 cos 2θ], (A6)
where Σ and Σ¯ are
Σ = r2U sin2 θ + a2F 2H2, Σ¯ = r2U sin2 θ − a2F 2H2.
The nonzero components of the quantity B¯µν are
B¯tt =
ℓU
1 + ℓ
(
U ′′
2
+
U ′
r
)
+O(a2), (A7)
B¯tφ = −aℓHUF
′′
2(1 + ℓ)
− aℓFHU
′
r(1 + ℓ)
+O(a3), (A8)
B¯rr = 0, (A9)
B¯rθ = 0, (A10)
B¯θθ = − ℓ
1 + ℓ
(rU ′ + U) +O(a2), (A11)
B¯φφ = − ℓ sin
2 θ
1 + ℓ
(rU ′ + U) +O(a2), (A12)
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for the case A; and
B¯tt =
ℓU
1 + ℓ
(
U ′′
2
+
U ′
r
)
+
aℓ cos 2θ
√
U
2
√
1 + ℓr2 sin θ
+O(a2), (A13)
B¯tφ = −aℓHUF
′′
2(1 + ℓ)
− aℓFHU
′
r(1 + ℓ)
+O(a2), (A14)
B¯rr = 0 +O(a2), (A15)
B¯rθ =
aℓ cos θ
r2
√
(1 + ℓ)U
(rU ′ + U) +O(a2), (A16)
B¯θθ = − ℓ
1 + ℓ
(rU ′ + U) +
aℓ
r sin θ
√
(1 + ℓ)U
(r sin2 θU ′ − cos 2θU) +O(a2), (A17)
B¯φφ = − ℓ sin
2 θ
1 + ℓ
(rU ′ + U) +
aℓ sin θ
r
√
(1 + ℓ)U
(1
2
rU ′ cos2 θ + cos 2θU
)
+O(a2), (A18)
for the case B.
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